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Most of what we concern in beyond standard phenomenology are the existence of tiny numbers.
The well-defined principle for protecting the tiny number to be large from quantum correction is
supersymmetry. However, such a nice framework is challenged by the non-observation of superpart-
ners at LHC. Instead, we propose a new principle to realize a natural framework to explain the
smallness of feebly interaction dark matter coupling and neutrino mass. The scalar sector as well
as gauge sector must be extended to include N copies as a price. It is found in this paper that
the yukawa coupling y as well as quartic coupling λ scales with inverse power of N to maintain
perturbativity. In terms of the scaling behavior of couplings, the freeze-in dark matter becomes
compatible with neutrino mass requirement. The biggest observation is that y has to be evaluated
by 1/N3/2 in type-I seesaw mechanism in order to obtain a large N suppressed neutrino mass. The
intrinsic hierarchy between 1/
√
N and 1/N3/2 for yukawa coupling y can be improved if we focus
on the loop generated neutrino mass which can be relaxed to be 1/N . The underlying reason for
not use 1/
√
N is that freeze-in dark matter provides a lower bound for the scaling. Therefore the
only choice of scaling for yukawa coupling is left to be 1/N . Based on this simple scaling, we realiza
an unified framework for explaining FIMP and neutrino mass.
I. INTRODUCTION
Physics Beyond the Standard Model (BSM) [1–3] is
generally motivated by a series of tiny parameters, in-
cluding the hierarchy problem of higgs mass [4], non-zero
neutrino mass [5] as well as the θ-term in strong CP prob-
lem [6]. In addition, the existence of non-baryonic dark
matter [7] also calls for BSM. Inspired by WIMP mira-
cle and hierarchy problem, The Minimal Supersymmetric
Standard Model (MSSM) is especially attractive. In this
framework, the "smallness" (electroweak scale) of higgs
mass is automatically protected by supersymmetry [8].
Moreover, the correct relic abundance of Dark Matter
(DM) candidate, neutralino, can be realized via thermal
freeze-out mechanism through typical electroweak inter-
action [9]. Thus the small number problems is solved in
supersymmetric model naturally. However, such a nice
framework is faced with severe challenges due to the null
results of LHC direct searches and dark matter direct
detections [10–12]. That strongly motivates us to con-
sider alternatives of DM candidates among which Feebly
Interaction Massive Particle (FIMP) [13–21] is favored.
The crucial feature of FIMP is that it always does not
involve in the SM thermal bath, whose relic abundance
is obtained by decay or scattering of particles with SM
bath. which essentially requires a tiny coupling y be-
tween SM and FIMP sectors to avoid thermal equilib-
rium. This then introduces additional tiny number [22]
from the point view of model building, i.e., new hier-
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archy problem of y appears! On the other hand, the
tiny neutrino masse is accounted for seesaw mechanism
through which ultra-light neutrino can be obtained via
either small coupling or very massive right-handed neu-
trinos. It seems that FIMP and neutrino masses can be
simultaneously explained by an unified small coupling y
in type-I like seesaw model [23],
L = yLφNR +MNRNR +mφφ2 + λφ4, (1)
where φ is SU(2)L doublet scalar. It is usually chosen
to be SM higgs particle. There is also one possibility
that φ is singlet under gauge group [24]. However the
explicit gauge invariance violation must be treated as low
energy effective theory so that it can be embedded into
SU(2) model as UV completion. This simple framework
potentially causes three dangerous problems:
• Is neutrino mass consistent with FIMP dark mat-
ter requirement? That is to say we wonder whether
or not we can use single coupling to generate both
FIMP and neutrino masses. That is greatly differ-
ent from conventional treatment [14, 15, 25]. The
discrepancy usually comes from the fact that FIMP
dark matter requires the out-of-equilibrium behav-
ior throughout the dark matter evolution in uni-
verse. That gives rise to a upper limit of the tiny
coupling. Neutrino mass on the other hand puts
a lower bound to the coupling y. Naively these
two bounds have no overlap thus destroy the whole
story. It will be proven to be wrong in our subse-
quent calculation.
• Is the tiny coupling y itself natural? The tiny cou-
pling y has intrinsic hierarchy problem [22] that
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2need to be explained. Since there is no underlying
symmetry protection for the lagrangian, the natu-
ral value of y should be O(1), and similar for scalar
quartic coupling λ .
• The most important hierarchy problem is quadratic
divergence to scalar φmass. As is demonstrated be-
fore, φ is doublet under SU(2), the quadratic diver-
gence are induced by Yukawa and gauge coupling
as well as its self-interaction. The general form
of quadratic divergence from one-loop diagram has
the following type [26],
δm2 ∼ (y2 − g2 + λ2) Λ
2
16pi2
(2)
such a Λ2 sensitivity on UV scale leads to the gauge
hierarchy problem when φ has mass much smaller
than Plank scale. It is possible that ultra-tiny y and
g could alleviate fine-tuning problem of φ. There-
fore various aspects of this model is found to be
related with each other by tiny couplings.
Our purpose is to provide a simple framework to an-
swer above three questions. Motivated by the freeze-in
hierarchy problem [22], the tiny couplings are easily to
obtain by extending scalar φ to N -scalar sectors. Notice
that the extension of fermion sector [22] is only helpful
for FIMP sector but not for neutrino mass and higgs hi-
erarchy problem.
From a perspective of t’Hooft counting, y2N is the ac-
tual coupling at large N limit. In order to retain in per-
turbative regime, y2N should be smaller than 1. Equiv-
alently y should be scaled with 1/
√
N which is the main
starting point of our paper. Meanwhile the gauge cou-
pling can be also regarded as SU(N) gauge theory in
large N limit, the gauge coupling is also evaluated at
1/
√
N . The fine-tuning problem of φ is now improved.
Based on that behavior, we manage to answer the three
questions in a unified N-scalar framework.
The rest of this paper is layout as follows: section-II
gives an overview of our model. In particular, the large N
limit is put by hand in order to obtain ultra-tiny coupling.
We are not here consider the UV completion of this model
and just give a benchmark model explicitly. Furthermore
the improvement of fine-tuning is explained in detail. In
section-III, we consider whether or not the benchmark
model can give a consistent origin of neutrino mass and
FIMP dark matter. The scaling behavior of y must be
further relaxed into 1/N3/2 so that the two issues are
compatible with each other. Such a unnatural scaling can
be improved when we consider two-loop neutrino mass
generation mechanism.
II. LARGE N FIELD THEORY FOR
NATURALLY TINY COUPLING AND
HIERARCHY PROBLEM OF SCALAR
In this section, we propose a benchmark model on the
consistent origin of freeze-in dark matter and neutrino
mass. The lagrangian of N-sector is given with φα being
SM doublet
L = yijLi
N∑
α=1
φαNj +MNN
c
jNj +
N∑
α=1
m2α|φα|2 + λ|φα|4
(3)
where i, j indices stand for the three generation lep-
tons. Li is left handed leptons while Nj is right-handed
neutrino [27, 28]. α accounts for N scalar fields in the la-
grangian [29]. In general, the keV scale right-handed neu-
trino, i.e. sterile neutrino can generate sizable relic den-
sity via Dodelson-Widrow (DW) mechanism [30]. How-
ever such a mechanism is disfavored by combined con-
straints of X-ray and Lyman-α forest [31]. In addition,
the very light sterile neutrino is not compatible with neu-
trino mass in type-I seesaw mechanism where 1014 GeV
right hand neutrino is favored for order 1 coupling y:
mν =
y2v2φ
M
∼ 0.1eV (4)
Alternatively, freeze-in mechanism become attractive
to host sterile neutrino DM. As a consequence, tiny y
is not only suitable for freeze-in dark matter but com-
patible with neutrino mass. The natural origin of tiny
yukawa is derived by the minimal N scaling of coupling
to maintain perturbativity. This approach has been well
developed in ’tHooft large N expansion [32] and called
’tHooft counting for simplicity.
It is easy to find that each feynman diagram associated
with right-hand neutrino contains a factor r,
r ∼ (y2N)V/2N−E/2 . (5)
The actual physical coupling, i.e., t’Hooft coupling is
now y2N rather than y2. In order to maintain perturba-
tivity, the Yukawa coupling must be smaller than 1/
√
N .
This scaling behavior thus provides a natural method for
capturing a tiny coupling. Follow this logic, the self-
interacting coupling λ in scalar sector should be scaled
as 1/N which is the main spirit of N -inflation [33]. Then
it allows us to testify the validity of this model to ex-
plain neutrino mass, relic density and scalar hierarchy
simultaneously. Before that, the scalar hierarchy is the
most dangerous problem of our model that we must cope
with. From a perspective of black hole entropy argument
in large degree of freedom, the effective cut-off can be
naturally reduced to be around TeV scale. The large N
sector is introduced to soften hierarchy problem of scalar
3particle [29] where statistical distribution of N sector fa-
vors a naturally light higgs. Another method to solve
hierarchy problem is also based on large N new degrees
of freedom. The corresponding graviton-graviton scatter-
ing at energy E are enhanced by N . As a consequence,
the ultimate UV cutoff is soften by [34–36]
ΛUV ∼ 4piMP√
N
. (6)
The price that we paid is the additional huge num-
ber of degrees of freedom. Here we propose alterna-
tive consideration on hierarchy problem of scalar particle
which is equivalent to black hole argement but has direct
relationship with loop correction. Thanks to the tiny
couplings [33] in this mode, the corresponding one-loop
correction is suppressed by large N . Only the yukawa
coupling scales with 1/
√
N , it provides the dominated
contribution in the loop correction compared with other
couplings,
δm2 ∼ Λ
2
16pi2N
, (7)
This method is similar with the solution of η prob-
lem [37] in inflation. The fine-tuning can be quantified
by the simple low energy measure δm2φ/m
2
φ [38]. Due to
large N suppression in equation (7), the quadratic diver-
gence is soften naturally. If we further allow the yukawa
coupling to scale with 1/N , the fine-tuning becomes much
smaller than that in 1/
√
N . The essential idea is that the
scalar potential is not a single field but a collection of N
fields.
In figure 1, we plot the behavior of fine-tuning measure
as a function of N and Λ with mφ setting to be 100
GeV. The upper panel of figure 1 indicates that N must
be larger than 1015 in order to make fine-tuning under
control when the yukawa coupling scales with 1/
√
N . On
the opposite, if we choose y to scale with 1/N , it requires
much smaller number of N .
So the fine-tuning becomes moderate when large N is
taken. Of course, much larger N continues to improve
the fine-tuning. But quite a larger number of N might
be tension with FIMP and neutrino mass which will be
considered subsequently. From now on, we take a bench-
mark value of fine-tuning throughout the paper ∆ = 1
The cut-off scale varies with 4pimφ
√
N and 4pimφN for
1/
√
N and 1/N respectively.
III. NEUTRINO MASS GENERATION AND
RELIC DENSITY
In type-I seesaw, the 0.1 eV neutrino mass mass re-
quires 1014 GeV sterile neutrinos for order 1 Yukawa
coupling. Therefore the dangerous hierarchy problem is
solved by ultra-heavy sterile neutrino. Because fermion
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FIG. 1. The dependence of fine-tuning on logN and log Λ is
given explicitly with mφ = 100 GeV.
mass is always technically natural, we do not worry about
neutrino mass any longer. It seems there is no need to
consider large-N sector. However it is easy to find that
we lost the possibility of sterile neutrino DM as a price.
Here we insist sterile neutrino to be FIMP dark matter
i.e. mφ > mN . The coupling y must be very tiny which
re-introduces the hierarchy problem for both FIMP and
neutrino mass. Furthermore people thought that neu-
trino mass is not consistent with FIMP. It can be formu-
lated as a two-scale problem [15]:
yFIMP < 10
−8, yneutrino > 10−6 . (8)
That motivates people to consider them individually.
For example we only treat the first generation sterile neu-
trino as DM with the other two as seesaw mechanism.
This un-natural behavior can be corrected once we con-
4sider the neutrino mass seriously. We assume both of
them are consistent with each other which is the essen-
tial point of this paper. As we know the tHooft counting
constrains y to scale with 1/
√
N . The corresponding
neutrino mass is thus,
mν =
Ny2v2φ
MN
=
v2φ
MN
, (9)
here the existence of N means there are N scalars con-
tributing to neutrino mass. Naively, the vφ is regarded
as a free parameter so that neutrino mass is easy to ob-
tain by taking a almost zero vacuum expectation value.
In fact vφ is not free parameter which must be given
through the effective potential of φ,
vφ =
mφ√
λ
(10)
Since λ scales as 1/N , it does not produce any suppres-
sion but enhancement i.e., mν ∼ m2φN/4mN . Under this
condition, large N sector does not solve the neutrino mass
problem unless we take a further constrained scaling such
as y ∼ 1/N3/2. The corresponding neutrino mass in this
scaling reads,
mν =
m2φ
4mNN
, (11)
It is easy to see that only this scaling can generate re-
liable neutrino mass. For now they are only independent
parameters. Together with the relic density requirement,
the three parameters are reduced to two: mφ and mN .
The relic density of FIMP sterile neutrino is determined
by the Boltzman equation [13],
dnα
dt
+ 3Hnα =
gSMm
2
SM
2pi2
TK1
[mSM
T
]
Γ[φα → LiNj ]
(12)
The resulting relic density is
Ωh2 =
1.09× 1027gφ
gs?
√
gρ?
mNNΓ
m2φ
. (13)
The requirement of Ωh2 ∼ 0.12 [39] further fixes N in
terms of mφ and mN ,
N = 6.6× 1012
√
mN/mφ. (14)
In terms of equation (14), the neutrino mass becomes
a function of mφ and mN . In figure 2, we show the cor-
rect relic abundance and neutrino mass favoured region
varying along mφ and mN . There are several constraints
that this contour must satisfy:
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FIG. 2. The dependence of correct relic abundance and neu-
trino mass in [log10mφ, log10mN ] plane (green band). In
addition, the requirement for Γ < H is trivial to satisfy.
• The FIMP relic density must be smaller than 0.1.
In this plot, each contour are required to satisfy
Ωh2 = 0.12.
• To interpret neutrino oscillation, one typically
needs 0.01 eV < mν < 0.1 eV [40]. Then combin-
ing the requirements for Ωh2 and mν , the favoured
region in mφ −mN is determined.
• FIMP dark matter requires quite tiny coupling in
order to departure from thermal equilibrium, which
is schematically written as
Γ[φ→ LiNj ] < Hφ (15)
This constraint is highly non-trivial, and gives
a upper bound of the coupling y < 5.9 ×
10−9
√
mφ/GeV. However since y scales with
1/N3/2, it can satisfy the bound easily.
• The cut-off scale should be larger than GUT scale
otherwise the solution to hierarchy problem is not
attractive. Here we should mention that, since
y = 1/N3/2, the dominate fine-tuning contribution
comes from λ = 1/N . Thus the physical cut-off
is now 4pimφN . From figure 2, it is clear that
Λ ∼ 1016 GeV is possible with mN . mφ ∼ 102
GeV.
• The free-streaming length characterises the struc-
ture formation, which places a lower bound on DM
mass. It is estimated by [41]
λFS ≈ 0.047 Mpc
(
10keV
mN
)
. (16)
5Observations from Lyman-α forest [42] have ex-
cluded λFS & 0.06 Mpc. Therefore, mN & 10 keV
is required.
• Due to the doublet nature of φ, its charge com-
ponent φ± can be pair produced at LHC. As
the Yukawa coupling y is tiny, the decay φ± →
N`± will lead to long-lived charged particle signa-
ture. We consider the exclusion region obtained by
Ref. [43], where mφ± . 560 GeV is excluded. In
the plot, we take degenerate mass spectrum of φ
for simplicity. It is quite clear that most of the
favoured region is excluded by the LHC search.
• Since the sterile neutrino N mixes with light neu-
trino ν, the decay products of N would lead to
observable γ− or X−ray signatures. For heavy N
near or above EW scale, a rough reinterpretation
of the decay channels N → W (∗)l, Z(∗)ν, h(∗)ν by
Ref [22, 44] indicates that mN & 70 GeV is ex-
cluded. In this way, the final corner uncovered by
LHC search is also eliminated.
In summary, the naive combined constraints from LHC
and indirect detection have already excluded all the
favoured parameter space for relic abundance and neu-
trino mass. Notably, the LHC bound onmφ can be weak-
ened down to about 160 GeV when φ± decay dominantly
into next-to-lightest odd particle. In this way, there is
still a corner to survive all constraints.
Throughout the calculation of neutrino mass in type-I
seesaw model, we found that the intrinsic problem comes
from the discrepancy between large N requirement 1/
√
N
and neutrino mass requirement 1/N3/2. Therefore we are
left with an intrinsic fine-tuning N which is compara-
ble with eletroweak hierarchy problem. It strongly moti-
vates us to consider higher loop neutrino mass generation
mechanism [45–54] where higher powers of y is possible.
As we know the generation of neutrino masses via quan-
tum correction is a viable scenario. The most famous
and historic example is Zee-Babu model where double-
charged scalar is included to generate neutrino mass via
two-loops. The disadvantage of this model is the lack
of dark matter candidate. We can start with simple one-
loop neutrino mass mass. It is easy to identify that it can
not provide large N suppression to neutrino mass when
y = 1/N .
Based on the fact that the higher power of y, the lower
dependence of N is required. For example (y2/4pi)m de-
termines the general form of neutrino mass loop effect.
Here m = 2 corresponds to one loop, m = 3 corresponds
to two-loop. The two-loop generated neutrino model has
been classified in [46]. Depending on different reps and
field contents, there are two classes of models: seven-
particle model and six particle model. Here we take the
two-loop model proposed by in Ref. [55] as an exam-
ple, which is in general belongs to class 1.a with neutral
fermions and singlets.
L ⊃ yijLiφNj + yijS NiNjS + µS3 (17)
Here, φ and N carry non-trivial charge under discrete
symmetry. So the DM candidate N is stable. Provided
y ∼ yS , the neutrino mass is then estimated as follows,
mν ∼ µy
3
4(2pi)8
(18)
µ is dimensional parameter and proportional to λmS .
Further taking mS ∼ mφ, the neutrino mass at scaling
y ∼ 1/N can be written as follows,
mν =
m3φ
512pi4m2NN
(19)
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FIG. 3. Same as Fig. 2, but for two-loop model. Because N is
stable in this case, the indirect search bound do not applicable
here.
Figure 3 shows the favoured region for correct relic
abundance and neutrino mass as well as the correspond-
ing bounds. It is obvious that mφ & 600 GeV with
mN & 1 MeV could satisfy all constraints.
It is similar with type-I seesaw where the scaling be-
havior of y is now 1/N rather than 1/N3/2. Motivated by
this logic, higher order loop generation can recover the
1/
√
N scaling. However 1/
√
N is contradict with FIMP
dark matter, i.e. relic density without large N suppres-
sion. It is similar with neutrino mass at type-I seesaw,
the relic density without large N suppression destroys the
consistency between neutrino mass and FIMP dark mat-
ter. That is to say, relic density provides a lower bound
of scaling 1/N , neutrino mass on the other hand gives a
upper bound scaling 1/N3/2.
6IV. CONCLUSION
Naturalness, neutrino mass and existence of dark mat-
ter require new physics beyond the Standard Model. The
strong intrinsic connection among these three problems
lead to unified model building such as supersymmetry.
Unlike supersymmetry, we provide a simple framework
to explain them where SM is extended into N scalars sec-
tor. From perspective of tHooft counting, the coupling
must be scaled around inverse power of N . As a conse-
quence the hierarchy problem of scalars is improved. In
type-I seesaw model, the freeze-in dark matter is com-
patible with neutrino mass with y being 1/N3/2. It leads
to another misalignment problem where perturbativity
requires y to be 1/
√
N while neutrino mass requires y
to be 1/N3/2. Under tight constraints from LHC and
indirect detection, the minimal extension of type-I see-
saw model is already excluded. However, if φ± decay
dominantly into next-to-lightest odd particle, a corner
at mN . mφ ∼ [160, 250] GeV might be still possible.
When we go further into two loop neutrino mass, the
scaling is reduced to be 1/N . Viable parameter space is
mφ & 600 GeV with mN & 1 MeV. Finally, no matter
what we do, the freeze-in dark matter forbids the scaling
to be smaller than 1/N . Therefore, only 1/N is possible
to solve these three problems simultaneously.
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